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Ablltract-The shakedown problem for a composite lamina made of an elastic-plastic matrix and elastic
cylindrical fibers is studied. The plastic deformation modes of the lamina are reviewed, and it is concluded
that significant shakedown effects can be caused only by the I, =1/2(Tu +T22) and 12 =T" components of
the remotely applied stress field which are symmetric about the axis x, of the fiber; TIl and T22 are the normal
composite stresses in the transverse plane. It is shown that the Id2 stress system is needed also to represent
thermal loads caused by a uniform change of temperature in the composite.

Two methods for evaluation of shakedown limits in the I,I,-plane are described. First, the classical
approach involving the determination of parametric families of self-stress fields and the solution of
mathematical programming problems is used. Results are presented for selected B-AI, Be-AI, B-Ti and
B-Mg composites.

In the second method, the shakedown problem is related to the recently developed kinematic hardening
rules for fibrous composites. It is shown that the composite will shake down for any loading program within a
prescribed domain in the Id2·plane, providing that the domain can be contained within a translated initial
yield surface. This approach leads to a closed-form evaluation of shakedown limits for any arbitrary
combination of mechanical and thermal variable cyclic loads in fibrous composites with temperature­
dependent matrix yield strengths.

The relationship between shakedown and fatigue in metal matrix composites is discussed.

NOTATION

[A 1 coefficient matrix of the elastic microstresses
a radius of the cylindrical fiber
b radius of the composite cylinder

c, Cp assembled and element coefficient matrix associated with the yield criterion, respectively
bi (i =1,2,3,4) constants defining the loading program

Et. E.. Young's modulus of the fiber and matrix material, respectively
F, (i = 1,2, ... 10) dimensionless redundants defined by equation (19)

0t, Om shear modulus of the fiber and matrix material, respectively
Ii (i = I, 2, ... 5) stress invariants

k load factor
K" Km bulk modulus of the fiber and matrix material, respectively

mp E local maximum elastic stress response vector in element p
N, Nt, Np assembled, fiber and element coefficient matrix associated with the yield criterion, respectively

q vector consisting of all redundants of the; structure
R, Rp assembled, and element matrix relating q to u defined by equation (6), respectively

rio ~rl internal radius and thickness of the nested thick-walled tubes
r, II, z local cylindrical coordinates

s deviatoric component of microstress
s, deviatoric component of selfstress

Til (i,j =1,2,3) macroscopic or composite stresses in a Cartesian coordinate system
Vt fiber volume fraction
x vector with nonnegative components

Xi (i =1,2,3) Cartesian coordinate system
Y, Yt tensile yield stress of the matrix, and the fiber, respectively

aI' am coefficients of thermal expansion in the fiber and matrix, respectively
fJ vector consisting of ratios of the fiber and matrix tensile yield stresses

~II uniform temperature change (deg. F)
II temperature (deg. F)
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A factor of safety with respect to shakedown
v" Vm Poisson's ratio of fiber and matrix material, respectively

e" uniform normal strain in z-direction
diL scalar multiplier
u total microstresses

u' elastic microstresses
u' local selfstress state

Urn u••, U" microstresses in cylindrical coordinates
K coefficient describing the translation of initial yield surface on the I,I,-plane

INTRODUCTION
It is well known that elastic-plastic bodies or structures subjected to variable repeated loads in
the plastic range can experience failure by cyclic plastic deformations or, alternatively, can shake
down. According to the first shakedown theorem or Melan's theorem[13], the body will shake
down for an arbitrary loading program within prescribed limits if any time-independent selfstress
state can be found such that superposition of this state and the elastic response for all possible
combinations of external forces and temperature within the prescribed limits will not lead to
stresses at or above yield at any point [8, 15, 18]. If the body shakes down, it is safe against plastic
failure but not necessarily against other failure modes, such as fatigue.

It is self-evident that the initial yield surface, or any subsequent loading surface, represents a
lower bound on the shakedown limits of the structure, and that the shakedown load may not
exceed the plastic limit load. Therefore, highest shakedown limits can be expected for such
loading conditions where the plastic limit load is considerably greater than the initial yield load.
The shakedown effect is absent when the initial yield and limit loads coincide.

This work is concerned with the determination of shakedown limits of unidirectional fibrous
composites consisting of continuous, strong elastic fibers embedded in an elastic-perfectly plastic
matrix. In most fibrous composites, and especially in those reinforced by brittle fibers, the
ultimate strength of the fiber is considerably larger than the yield strength of the matrix. For
example, in as-fabricated aluminum-boron composites the fiber tensile strength is equal to about
forty times the uniaxial matrix yield stress. It follows that the highest plastic limit load of the
composite is obtained for such loading modes where the plastic collapse of the matrix is
controlled by the fiber strength. Those are the axisymmetric modes consisting of combinations of
the normal stress in the fiber direction and the lateral hydrostatic stress in the transverse plane.
Since one would expect the most pronounced shakedown effects to occur under these stress
states, we shall limit our attention to the axisymmetric loading of the composite. The
axisymmetric states include also a uniform thermal change, and are very frequently applied in
practice.

This is not to suggest that shakedown effects are absent for other stress states which include
the transverse and/or longitudinal shear of the composite lamina. However, it has been shown by
several investigators, e.g. Shu and Rosen[17], McLaughlin[12], Lance and Robinson[lO], and
Butler and Sullivan [1], that the strength of the composite for these two shear stress states is not
greatly affected by the presence of the fibers, except at very high fiber volume fractions which are
seldom seen in practice. Furthermore, Dvorak et at. [2, 3] have found thatthe initial yield surfaces
of unidirectional composites loaded in longitudinal and/or transverse shear nearly coincide with
the yield surfaces of the matrix. Therefore, the composite may not shake down under the purely
shear loads. Relatively small shakedown effects are expected for combinations of the
axisymmetric and shear stress states.

The method of analysis used herein is similar to the finite element, linear programming
approach described by Maier [11]. However, it will be shown that the shakedown limits for the
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axisymmetric loading of a composite lamina can also be obtained by a much simpler procedure
which is based on a recently developed plasticity theory of fibrous composites (Dvorak and
Rao[5, 16]).

THE MATERIAL MODEL

The unidirectional fibrous composite can be regarded as a transversely isotropic,
macroscopically homogeneous solid consisting of an elastic-perfectly plastic matrix, and elastic
fibers. A perfect bond is assumed to exist between the constituents. On the microscale, the fibers
are right circular cylinders with parallel axes. The fibers can have different diameters and can be
randomly distributed, however, the fiber volume fraction Vf must be statistically uniform in the
transverse plane.

Suppose that we select a Cartesian coordinate system Xi such that the axes XI, X2 are in the
transverse plane, and X3 is parallel to the fiber direction. The macroscopic or composite stresses
in this coordinate system are denoted as Tij (i,j = 1,2,3). If the composite is initially free of
internal stresses, the local microstresses and the macroscopic strains in the composite caused by
the composite stresses 1;1 must be invariant under rotations about the X3 axis, and under the
transformation x~ = -X3. The invariants of the stress tensor 1;j which reflect these requirements
can be obtained by analogy with the well-known strain invariants (e.g. Green and Zerna[6], p.
160). In the notation used in the earlier studies [5, 14], the stress invariants are:

(1)

Is = ~(Tll - T2Z)(T~3 - Ti3) +2T12 T23 T31.

As stated in the Introduction, we shall concern ourselves only with the axisymmetric
composite stress states which are described by the first two invariants. Therefore, for the purpose
of the present study we shall assume that 13 = 14 = Is == O.

The composite stress states caused by II and I z are symmetric about the axis of each fiber.
One can then assume that the local microstress states will be also symmetric about the fiber axes,
both in the fiber, and in the matrix next to the fiber-matrix interface. Accordingly, as discussed by
Hashin[7], the composite microstructure can be modelled as a system of right circular cylinders
consisting of fibers surrounded by uniform layers of the matrix material. If the fiber volume
fraction Vf is uniform in the transverse plane, it is sufficient, for analytical purposes, to consider a
single composite cylinder of external radius b, containing a concentric cylindrical fiber of radius
a; Vf = (a /b)\ as shown in the left part of Fig. 1. Here we have introduced local cylindrical
coordinates r, 0, Z, such that Z coincides with the cylinder axis, and r, 0 are in the transverse
plane. Under any combination of II> 12, the cylinder is in the state of generalized plane strain in
the rO-plane.

THE SHAKEDOWN ANALYSIS

The microstresses 0" caused in the elastic composite cylinder by the composite stresses II, 12

can be written as[5]:
{U,.,.<TeeUzz } = [A HI.Iz},
{UreUezUzr } = 0, (2)
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Fig.!. Generation of selfstress states in the composite cylinder model.

where the braces {} == []T denote a column vector, or a transposition of a row matrix. The
coefficients of the matrix [A] must be evaluated as a function of the radius r; they depend also on
the four elastic constants of the constituents, and on the fiber volume fraction VI'

Let u r denote the local selfstress state at any given stage of a loading program in the
Itlrplane. Then, the total microstresses can be written as

u = u e +u r
• (3)

As indicated earlier, we shall assume that yielding will be limited to the matrix. The case of
possible yielding in both fiber and matrix can be treated in a similar manner, and will be discussed
in the sequel. Suppose that the yield condition in the matrix is expressed by a set of linear
inequalities

(4)

(5)

where Nand c are coefficient matrices associated with the yield criterion.
The first shakedown theorem stipulates that shakedown to some selfstress will take place if

any selfstress u r can be found such that at every point and instant:

f(ku e + u r ):$ 0, i.e.
kNTu e +NTu r

:$ C.

Here k 2: 0 is a load factor such that the structure does shake down for any k :$ A, and does not
shake down for k > A; A is the factor of safety with respect to shakedown.

Suppose that the matrix domain is divided into n concentric annular rings such as shown in
Fig. I, and let q represent a vector consisting of all redundants of the structure. Then, the
selfstress vector in each element p can be written as

uv' = Rp q, P = I, 2, ... n, (6)

where the matrix Rp depends on the choice of q, and on the geometry and elastic constants of the
elements of the structure. Let the vector

(7)

represent the local maximum elastic stress response in the element p, for all possible variations of
the external loads within the prescribed limits.
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Then, the problem of finding a maximum value of the load factor k s,\ which will cause
shakedown can be formulated as a linear programming problem:

Maximize the load factor k ~ 0, the objective function of the variables q, subject to the
constraints

(8)

When the matrices Np , mp B, Rp , and Cp are assembled for each element of the structure, the
shakedown problem can be formulated in a compact form:

,\ = max {klkmB +NTRq s c, k ~ O} (9)

Alternatively, one can reformulate equation (9) as a dual problem in linear programming:

,\ = min {cTxl(mB)Tx = 1, RTNx = 0, x~ O} (10)

where x is a new variable vector with nonnegative components.
The generation of a suitable parametric family of self-stress fields is of essence in the

shakedown analysis. To this end, the matrix domain of the composite cylinder can be divided into
a set of nested thick-walled tubes of internal radius r, and wall thickness Arl (Fig. 1). Independent
uniform stresses PI, P2 and P3, applied to each of the elements cause the following stress
distribution in the composite cylinder.

For as r sri:

u~) = -PI + (pa - PI)(1- r//r2)[a2/(r/ - a2)]

uW = -PI +(pa - PI)(1 + rI2/r2)[a2/(rI2- a2)]

u~~ = -2VmPI +2vm(pa - PI)[a 2/(r/ - a2)] +EmE...

where En is the uniform normal strain in the z-direction, and the interface stress:

_ 20 PI(1- vm)+ Om(1- a2/r/)(vm- Vf)E••
pa - f Om (1- a2/r/)(1- 2Vf) +Of(1- 2vm)a2/r/ +Ot'

Em, Om, Vm, Ef, Of, Vf are the elastic constants of the matrix and fiber, respectively.
For rl S r s r1 +Arl = r2:

u~) = -P2 + (PI - P2)(1- r//r2)[r//(d - rI2)]

u~J = -P2 +(PI - P2)(1 +r//r2)[r//(r22- rI2)]

u~) = P2(1- b2/r/)[r2/(b 2- r/)]

u~J = P2(1 +b2/r2)[r22/(b 2- r/)]

u~3j = 2vmP2[r//(b 2- r22)] +EmE••.

Equilibrium of the selfstresses in the z-direction requires:

(11)

(12)

(13)

(14)
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where At is the cross-sectional area of the fiber, (J'~l = -2VtP" + EfEzz, and Am(i), (i = 1, 2, 3) are
the cross-sectional areas of the respective parts of the matrix.

In the present solution, the matrix domain was divided into five elements of the type shown in
Fig. 1, such that their thickness was uniform, ~rl = (b - a)/5. Under such circumstances one can
find three independent stresses PI, P2, P3 in each internal element, and two stresses P2, P3 for the
fifth element a +4~rl s; r s; b. Equilibrium at the interfaces leads to a reduction in the number of
independent internal stresses which generate the parametric family of selfstress states.

One can write:
atrl=a: PI(l) = ql,P3(l) = q2;

at rl = a + ~rl: P2(l) +PI(2) = q3, P3(2) = q4; (15)

Therefore, the selfstress state in the five-element matrix domain can be generated in terms of ten
independent stresses ql, q2, ... qlO. Specifically, one can find from equations (11)-(15) the
selfstress in element pas:

I(J'~') -llR
ll

R
I2

RI,IO j:~)'
(J'88 - R21 R22 R2.IO .

(J'~z p R31 Rn R3.IO p qlO

P = 1,2, ... n; which is, of course, an explicit form of equation (6).
The determination of shakedown limits was based on the Tresca yield condition

(16)

1 -1 0
-1 1 0

0 1 -1 err}0 -1 1
(J'88 s; Y (17)

-1 0 1
(J'zz

1 0 -1

as in equation (4). Y is the tensile yield stress of the matrix. The explicit form of the shakedown
condition, equation (8), for an element P follows from equations (7, 8, 16 and 17). The
determination of the vector mp B in equation (7) is contingent upon the specification of the load
limits; the elastic stresses u/ can be evaluated by obvious modifications of equation (11).

The maximum load factor k was determined by solution of the linear programming problem,
equation (9), which was written for a total of eleven points located at the boundaries, and at the
centers of each of the five elements. Specifically, the points were located at r = a, r = a + I/2~rl,

r = a +~r, ... r = b, where again, ~rl = (b - a){5. The explicit form of equation (8) was:

E
fN 1

T
0 R, F,mt

B

+ lo
N/ R, F,

k
m2

Y
s; (18)

mfl N~ RII FlO I

(66 x 1) (66 x 33) (33 x 10) (10 x 1) (66 x 1)
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where F1 are new dimensionless redundants,

qi
F; = Y' i =1, 2, ... 10.

757

(19)

The solution was constructed by a numerical procedure based on the simplex method,
following the approach of Kiinzi et al. [9]. The dual minimization problem, equation (10), was
solved. The results are equivalent to those of the primal problem, the advantage of the dual
problem is that no nonnegativity restrictions need to be imposed on E.

RESULTS FOR DIFFERENT LOADING PROGRAMS

The shakedown limits were evaluated for a number of different loading regimes, and for
several types of metal matrix composites. In these calculations, it was assumed that there is no
Bauschinger effect in the matrix, and that the material is free of initial stresses. The latter
assumption can be made without the loss of generality, since the magnitude of shakedown limits
of a structure does not depend upon the existence of initial residual stresses. Because of the
radial symmetry of the composite cylinder, and the applied load in the ItIrplane, it was
necessary to consider only one-half of the loading plane, and that was taken as 12~ O.

The results obtained for different loading programs will now be described.
(a) Proportional loading 12= alt , -b:5 IdY:5 b. It is obvious that this symmetric radial

loading program must give shakedown limits which are identical with the initial yield limits.
Therefore, the shakedown limits surface must be identical with the initial yield surface of the
composite [2, 3]. This was confirmed by the present calculations. The initial yield surface in the
ItI2-plane is illustrated in Fig. 2 for the case of a boron-aluminum composite, V, = 0·68. The
segments F;H;, gH~, and gH~ represent the shakedown limits for the three different radial
directions. The initial yield ellipse is the locus of the shakedown limits for any proportional path.

Fig. 2. The shakedown limit envelope for axisymmetric loading programs along a rectilinear path HF, from a
fixed point H.
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(b) Loading along a rectilinear path 12= all, bl:s IttY:s b2.The results are shown in Fig. 2. The
point H is fixed, it corresponds to one of the limits b.. or b2• The envelope of the shakedown
limits on any path HFi , i = 1,2,3, ... , is an ellipse which is identical with the initial yield surface
magnified by a factor of two. It is readily seen that each of the segments HFI , HF2 , and HF3 has
the same length as the respective parallel segments H;F;, etc. through the origin.

(c) General variable loading within a rectangular domain bl:s IIIY:s b2, b3 :S 121Y:s b4 • The
results are shown in Fig. 3. Again, the point H is assumed to be fixed; its coordinates provide two
of the four bounds bj • The result of the calculation is the position of the point E
(i = 1,2,3,4, ...), which provides the remaining two bounds. The solid diamond-shaped contour
ABCD was found to be the localle or envelope of the points E of the loading domains EiEG;H,
generated at the fixed point H, which satisfy the shakedown condition, equation (18), for the
composite cylinder. As in Fig. 2, the position of H could be arbitrary, the admissible load limits
would merely translate in the Id2-plane.

I.
Y

16

12

-8

Shakedown
F, Limit Envelope

B-AI
Vf-O.68

12 16 I,/Y

Fig. 3. The shakedown limit envelope for axisymmetric loading programs within rectangular domains
E,F,G,H. The point H is fixed.

It is observed that the contour ABCD can be constructed from the magnified initial yield
surface shown in Fig. 2, which is redrawn in a dashed line in Fig. 3. Therefore, it can be easily
established that each of the rectangular domains E,EG,H, when translated so that their centers
coincide with the origin 0, would exactly fit into the initial yield surface. Fig. 3 shows one of such
translated domains E;F;G;H;. The contour A'B'C'D' is a one-half reduction of ABCD, and is
the localle or envelope of the corners of the translated rectangular loading domains.

RESULTS FOR DIFFERENT COMPOSITE SYSTEMS

Results similar to those shown in Figs. 2 and 3 were obtained also for several other composite
systems, and for different volume fractions of the fiber. These results showed the same general
features mentioned before. Specifically, one can construct the shakedown limits from the initial
yield surface of the composite in the 1112-plane. The equations of the initial yield surfaces for
several selected composites are summarized in Table 1. These were taken from earlier work [2, 3]
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Table I. Coefficients of equations of initial yield surfaces, and
thermal shift coefficients K. f=K tl,2+K21.I2+K,I/- y2=0

(equation 20); !J.P = !J.I, = !J.12= K!J.8 (equation 30)

Material VI Kt K2 K, K (psi/"F)

0·3 0·4738 -0·5173 0·1798
B-AI 0·5 0·3549 -0·3110 0·0929 -377

0·68 0·2951 -0·2207 0·0590

0·3 0·4072 -0,6986 0·3062
Be-AI 0·5 0·2664 -0'4255 0·1755 -758

0·68 0·2000 -0·3004 0·1178

0·3 0·4286 -0·3189 0·0876
B-Mg 0·5 0·3337 -0·1820 0·0402 -252

0·68 0·2851 -0,1265 0·0241

0·3 0·4793 -0·7065 0·2890
B-Ti 0·5 0·3451 -0,4477 0·1672 -45

0·68 0·2772 -0·3249 0·1129

Elastic constants of the constituents

Material E (10" psi) G (10" psi) II a (W"/"F)

AI 10·5 3-95 0·3291 \3·0
B 58·0 23-97 0·2098 4·5
Be 40·0 19·60 0·0204 6·5
Mg 6·5 2·44 0·3319 15·0
Ti 15·0 5·59 0·3417 5·0

and are based on the Mises rather than the Tresca yield condition. However, the differences in
the shapes of the surfaces due to the choice of the yield condition are very minor.

Figure 4 shows the magnitudes of shakedown loads for the case of pure tension in the fiber
direction (II = 0), for R = (Iz)min/(Iz)max = O. The lines in the graph represent the shakedown limit
(Iz)max for the zero-tension loading cycle. It is seen that the limit increases linearly with the fiber
volume fraction, and most rapidly so for the boron-magnesium system. Note that all lines would
intersect at Iz/Y = 2 for Vi -+0, which suggests that significant shakedown effects are present
even at low volume fractions of the fiber.

Vf

Fig. 4. Shakedown limits for four composite systems loaded in the zero-tension mode in the fiber direction.
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RELATIONSHIP TO THE HARDENING RULES

In a recent study, Dvorak and Rao[5, 16] have formulated new kinematic hardening rules for
the axisymmetric deformation of unidirectional fibrous composites. The rules have been verified
by comparison with the exact finite element plasticity analysis, and are considered to be very
reliable and accurate. Specifically, the hardening rules indicate that if, in the 1dz-plane, the initial
yield surface of the composite is of the form

then any subsequent loading surface can be expressed in the form

l(It - at, 12 - a2) = O.

(20)

(21)

It follows that the loading surfaces are identical with the initial yield surface which has
experienced a rigid body translation in the Id2-plane.

The magnitude of the translation coefficients must be determined by integration along the
loading path of the equations of the type

(22)

where dJL is a scalar multiplier.
The results shown in Figs. 2 and 3 suggest that any loading surface is an envelope of loading

programs for which shakedown of the composite will occur. Indeed, that is a self-evident
consequence of equation (21), and of the Melan's theorem, since each loading surface
corresponds to a selfstress state which assures elastic deformation for all loads within that
surface. Conversely, it can be shown that shakedown is possible only for those loading programs
that can be contained within a loading surface of the type described by equation (21). Suppose
that So is a unit deviatoric stress vector at the matrix point where yielding first starts when a
stress-free composite is loaded by a proportional axisymmetric composite stress state I.
Specifically, the deviatoric stress s at this point is, in analogy with equation (2),

s = I3So = PI (23)

where 13 is a scalar multiplier, and the matrix P is related to A of equation (2), (see, equations
(7-11) in [5]). The magnitudes of 13 at yield are obtained from the yield condition

i.e.
131 = -132 = k(soT Sor t/2 = 130.

Therefore, for any radial vector s = 13 So,

(24)

(25)

(26)

Consider next that a selfstress state exists in the composite and that a composite stress
program is applied within a certain segment of a proportional path coinciding with I. Yielding may
now start at a different point of the matrix. However, at the onset of yielding, the deviatoric
stresses at some point of the matrix must satisfy the yield condition, equation (24), in the form

(Sr + 13 so)T (Sr + 13 so) = k Z, (27)

where Sr is the selfstress, and So is the unit deviator stress, as in equation (23). Note that P may
now correspond to a different initial yield pointin the matrix. The solution of equation (27) can be
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obtained as

{31 _ {32 == 2[(SrT So)2 - (SoT So)~S/ Sr)+eSoT Sof/2.
So So

From the Schwarz inequality:

(SrT So)2:s; (SoT So)(SrTSr).

Therefore, if the solution of equation (28) exists, then

1{31 - {321 =::; 2{30,

761

(28)

(29)

where {30 is given by equation (25).
Since I can assume any direction in the composite stress space, it follows from equations (25)

and (29) that any shakedown limit surface in the composite stress space may not be larger than a
translated initial yield surface. Therefore, the loading surface, equation (21), is also the largest
possible shakedown limit surface and only those loading programs that can be contained within
such a loading surface will cause shakedown. Q.E.D.

Figure 5 represents schematically the relationship between the initial yield and shakedown
limit surfaces. The composite will shake down for any loading within an arbitrary domain
ABCDE, providing that a congruent domain A'B'C'D'E', translated in the Id2-plane can be
contained within the initial yield surface of the composite.

Fig. 5. The shakedown limit envelope for axisymmetric loading programs within an arbitrary domain
ABCDE.

SIMULTANEOUS MECHANICAL AND THERMAL LOADS

In many practical applications the composites are exposed to simultaneous mech3ilical and
thermal variable cyclic loads. If the magnitude of the yield stress of the matrix is not affected by
the thermal change, the shakedown limits for a combined thermomechanicalloading program can
be found by the previously described procedure. Specifically, equations (9) or (10) can be used to
formulate the linear programming problem. The parametric family of selfstress states is
independent of the type of loading. The thermal load will affect only the magnitudes of the
components of the vector m/, equation (7), and the corresponding terms in equations (8-10).

IJSS Vol. 11. No. 6-G
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An alternative approach to the shakedown problem for both mechanical and thermal loads
can be based on the hardening rules, equations (20-22). It was shown in Refs. [2] and [3] that in
the absence of mechanical loads, a uniform thermal change in the composite leads to a rigid body
translation of the initial yield surface in the direction of the hydrostatic axis. The same is true for
any loading surface given by equation (21). The magnitude of the translation AP was shown to be
(equation (16) in [3]), in the present notation:

AP = AIl = AI2 =3[:t_-l]M = KA8,

Kf K m

(30)

where AIl, AI2are the changes in the coordinates of the center of the initial yield surface caused
by a uniform thermal change A8; K is the shift factor; am, at are the thermal expansion
coefficients of the constituents, and Km , Kf are their bulk moduli. Accordingly, if a variable cyclic
thermal loading program is applied to the composite, the initial yield surface, equation (20), and
Table I, or a subsequent loading surface, equation (21), will experience a corresponding variable
cyclic motion in the direction parallel to the hydrostatic axis 11/12 = 1 in the 1d2-plane. The
magnitudes of the shift factor are listed in Table 1for selected composite systems. It can be easily
established that relatively small thermal changes can cause yielding in most metal matrix
systems-with the notable exception of the B-Ti composite-as discussed in [2] and [3].

The above considerations can be applied to the shakedown problem in an obvious way, which
is illustrated schematically in Fig. 6. Suppose that an arbitrary loading program within prescribed
limits ABCD is combined with a thermal cycle. Let the two translated initial yield surfaces
shown represent the extreme positions for the prescribed thermal cycle. Then, the composite will
shake down if the domain ABCD, or any other prescribed load domain, can be contained within
the area where the two initial yield surfaces overlap, as shown in Fig. 6. The same is true for any
congruent loading domain A'B' C'D' in the 1d2-plane, where translated loading surfaces,
equation (21), replace now the initial yield surfaces.

The validity of equation (30) is limited, of course, only to the elastic deformation of the
composite. In the absence of mechanical loads, the composite starts to deform plastically when

Loodino Surfoce
at8"'L::.8" ....-.....,

Initiol Yield Surface

~
t8'''8:. /

.... , /.....
.., '/v

.... //

Fig. 6. Shakedown limit envelopes for simultaneous mechanical and thermal variable cyclic loads.
Temperature variation interval: !l.6, :$ 0:$ !l.62• Load domains: ABCD or A'B'C'D'.
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the translated yield surface touches the origin of coordinates in the Id2-plane; the origin is the
only common point of the translated yield surfaces in their extreme positions [3, 4]. It follows that
the composite will not shake down under variable cyclic mechanical loads when the translated
initial yield surfaces, or loading surfaces, have no common area of overlap at the extremes of the
thermal cycle.

The direct approach shown in Fig. 6 is applicable even if Y is a function of temperature,
providing that the size of the surfaces is adjusted at the extreme points of the thermal cycle.

DISCUSSION

The present procedures permit the evaluation of shakedown limits for axisymmetrically
loaded composites. The more labourious approach consisting of the selection of the parametric
families of self-stresses, and of the solution of linear programming problems can be replaced by a
much simpler technique which permits a direct determination of the shakedown limits from the
known shapes of the initial yield surfaces of the composites.

The principal application of the present results is, of course, in the prevention of fatigue in
metal matrix composites. Specifically, it has been found in [4] that the shakedown limits coincide
with the fatigue limit (or with fatigue strength at 106_107 cycles) for the same loading program in
as-fabricated aluminum matrix composites, especially in the B-AI system. The reason for this
relationship is seen in the fact that the yield stress of the aluminum matrix in the overaged
condition is very nearly equal to the fatigue strength of the matrix after 106_107 cycles of
symmetric tension-compression loading. This particular loading sequence is in fact experienced
by the matrix in each shakedown state. Although the experimental confirmation is presently
available only for uniaxial tests, both in the fiber and off-axis directions, it is felt that a similar
relationship may exist for other stress states as well.

CONCLUSIONS

(a) Substantial shakedown effects in unidirectional metal matrix composites have been found
for loading states which are axisymmetric with respect to the fiber axis, and which include also a
uniform thermal change.

(b) The shakedown limits for a variable cyclic loading program, consisting of both mechanical
and thermal loads, can be found by a standard procedure involving the selection of parametric
families of selfstress states, and maximization of the allowable load factor by means of linear
programming.

(c) An alternative, direct approach to the determination of the shakedown limits is related to
the recently developed kinematic hardening rules for symmetrically loaded fibrous composites.
Shakedown will occur if the loading domain can be contained within a translated initial yield
surface in the axisymmetric stress plane. This approach yields itself readily to treatment of
simultaneous thermal and mechanical loads, and permits the consideration of the temperature
effects on the magnitude of the matrix yield stress during thermal load cycles.
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